Single-molecule sensitivity of nuclear magnetic resonance (NMR) and angstrom resolution of magnetic resonance imaging (MRI) are the highest challenges in magnetic microscopy. Recent development in dynamical decoupling (DD) enhanced diamond quantum sensing has enabled single-nucleus NMR and nanoscale NMR. Similar to conventional NMR and MRI, current DD-based quantum sensing utilizes the "frequency fingerprints" of target nuclear spins. The frequency fingerprints, by their nature, cannot resolve different nuclear spins that have the same noise frequency or differentiate different types of correlations in nuclear spin clusters, which limit the resolution of single-molecule MRI. Here we show that this limitation can be overcome by using "wavefunction fingerprints" of target nuclear spins, which is much more sensitive than the "frequency fingerprints" to the weak hyperfine interaction between the targets and a sensor under resonant DD control. We demonstrate a scheme of angstrom-resolution MRI that is capable of counting and individually localizing single nuclear spins of the same frequency and characterizing the correlations in nuclear spin clusters. A nitrogen-vacancy centre spin sensor near a diamond surface, provided that the coherence time is improved by surface-engineering in the near future, may be employed to determine, with angstrom-resolution, the positions and conformation of single molecules that are isotope-labelled. The scheme in this work offers an approach to breaking the resolution limit set by the "frequency gradients" in conventional MRI and to reaching the angstrom-scale resolution.
I. Introduction
Detection of single nuclear spins has broad applications, such as molecular structure analysis in chemistry and biology [1] and spin-based quantum computing [2] .
However, the weak signals from single nuclear spins cannot be detected by conventional nuclear magnetic resonance (NMR) [3] . Recently the nitrogen-vacancy (NV) center in diamond, for its long coherence time at room temperature [4] [5] [6] , has been used to detect AC magnetic fields [7] [8] , magnetic noises [9] , single nuclear spins [10] [11] [12] [13] [14] , and nanoscale nuclear spin ensembles [15] [16] [17] [18] via dynamical decoupling (DD) enhanced quantum sensing. The principle of DD-enhanced quantum sensing is to identify the "frequency fingerprints" of target nuclear spins [19, 20] . When the frequency of a DD sequence on the quantum sensor (e.g., the electron spin of an NV center) matches the transition frequency of a target nuclear spin or a spin cluster, i.e., when the resonant DD condition is realized, the noise from the target nuclear spins is resonantly enhanced and hence the sensor coherence presents a sharp dip. The "frequency fingerprints" are also the basis of conventional NMR and MRI. In particular, the resolution of MRI relies critically on the frequency gradients (which is proportional to the magnetic field gradients) of nuclear spins.
The application of DD-enhanced quantum sensing to magnetic resonance imaging (MRI) of single molecules, however, is restricted by two critical issues. First, the DD-based quantum sensing cannot distinguish target nuclear spins that have the same "frequency fingerprints". For example, the target spins of the same species, when weakly coupled to the sensor, would precess with the same Larmor frequency under a uniform external magnetic field and cannot be individually resolved. A remarkable solution is to induce nanoscale magnetic field gradients by using nanoscale magnetic tips [21, 22] or using the anisotropic hyperfine interaction with an electron spin sensor [18] , which produces a nanoscale frequency gradient for target nuclear spins. Nanoscale MRI has been achieved this way [1, 15-18, 23, 24] . However, to push the MRI resolution to angstrom-scale, the field gradient due to a sensor spin [18] or a magnetic nano-tip [21] is still too small (typically 0.8~0.1 G nm -1 for the distance 3~5 nm) [25] . Previous works have studied the sensor coherence dips caused by a nuclear spin ensemble [15] [16] [17] and obtained spatial distributions of nuclear spins by numerical fitting [18] . There is still no scheme to individually identify nuclear spins of the same 3 frequency. Furthermore, the DD-based quantum sensing cannot distinguish the correlated transitions and independent multiple transitions in a nuclear spin cluster if the two types of transitions have the same "frequency fingerprints". Therefore new schemes are still needed for quantum sensing to reach the same level of sophistication as the conventional multi-dimensional NMR [3] .
Here, we propose a scheme of angstrom-resolution MRI of single molecules to overcome the limitations of the frequency fingerprint sensing schemes. Our new scheme is inspired by the quantum decoherence of sensor spins caused by weakly coupled target spins: Even if the target spins have the same "frequency fingerprints", they may have characteristically different quantum evolutions conditioned on the sensor state, presenting different "wavefunction fingerprints" onto the sensor spin decoherene.
Before showing the results in details, we explain the main idea of wavefunction fingerprint MRI as follows. When the sensor spin is under periodic DD control, the periodically modulated hyperfine interaction amounts to oscillating magnetic fields on the target nuclear spins. The quantum evolution of the nuclear spins driven by the effective AC magnetic fields is conditioned on the sensor state  , which records the which-way information of the sensor spin and hence breaks the phase correlation between the sensor spin states  and  . In particular, under the resonant DD 
II. "Frequency fingerprints" and "wavefunction fingerprints" of target spins
In this section, we provide the physical picture for identifying the "frequency fingerprints" and "wavefunction fingerprints" of target spins onto the coherence of a quantum sensor under DD control. The DD control of the sensor consists of a sequence of  -flips at times 12 
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for the sensor evolution from 0 to t . The DD control suppresses the background environmental noise and selectively enhances the noise from the target spins [8, 10, 20] . In this paper we consider the N-pulse Carr-Purcell-Meiboom-Gill (CPMG-N) control [26, 27] Fig. 1(a) .
Let us first consider a sensor spin (S=1/2) weakly coupled to a remote target spin (I=1/2). With the sensor spin under DD control, the total spin Hamiltonian (in the toggling reference frame rested on the free sensor under an ideal DD control) is
where () ft is the DD modulation function jumping between +1 to -1 every time the sensor spin is flipped by a DD pulse [ Fig. 1(b) 
where we have assumed that initially the target spin is in the maximally mixed state.
Since the sensor evolution time is 2 tN   , the sensor coherence in Eq. (4) is a function of both the pulse interval  and the pulse number
Conventional DD-based sensing schemes are based on identifying the "frequency fingerprints" of target spins. This is realized by sweeping the pulse interval with a constant pulse number to tune the effective AC magnetic fields into resonance with the target spin, i.e.  of the target spin can be determined. Such "frequency 7 fingerprints" can be used to identify different spins and to determine the hyperfine interaction if it is strong enough to induce observable frequency shift of the target spin [10] . As shown in Fig. 2(d) , for rather small CPMG pulse numbers, the coherence dip depth decreases from 1 to -1 as the pulse number increases, and the width of the sensor coherence dip is inversely proportional to the pulse number. As we increase the pulse number further, the sensor coherence at the dip position increases from -1 to 1 and shows strong side dips until the sensor spin coherence dip disappears completely. The appearance of strong side dips and smearing of the sensor coherence dips for large DD pulse numbers make it difficult to identify different target spins with slightly different The above discussion can be easily generalized to the case where a sensor spin is coupled to M independent target spins of the same species (I=1/2), with the Hamiltonian
In quantum sensing, the coupling to the targets is weak ( 
III. Resolving multiple spins of the same frequency
In this section, we demonstrate how to identify a few independent nuclear spins weakly coupled to a quantum sensor when the nuclear spins have the same "frequency fingerprint". We will study this issue using both the semiclassical noise model and the quantum model. We will show that in the semiclassical model the nuclear spins of the same frequency cannot be distinguished by the central spin decoherence, while in the quantum model it is feasible to resolve multiple nuclear spins of the same frequency by their different "wavefunction fingerprints". We assume that the quantum sensor is weakly coupled to M distant target nuclear spins of the same species with the Hamiltonian given in Eq. (7).
A. Semiclassical noise model
In the classical noise picture, the sensor accumulates random phases due to the magnetic noises produced by the environment and the target spins [28] . For an environment with a large number of particles, the magnetic noise can be approximated as a Gaussian stochastic process, which can be characterized by the two-point correlation function. For our model, the noise correlation function [29, 30] is defined as 
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Under DD control, the zero-frequency noise is eliminated and the sensor spin decoherence caused by the finite-frequency noise is [31] 
For the CPMG-N control, the sensor coherence presents dips when the pulse interval matches the noise frequency, i.e., dip
 denoting the dip order, as shown in Fig. 3(b) . In the following we always consider the first-order coherence dip ( 1 q  ). At these dips (i.e., under the resonant DD condition),
with the total evolution time dip 0 tN   for resonant DD. In previous studies, the above formula has been used to extract the coupling strength between the sensor and target spins [10, 14] . However, the result in Eq. (10) 
B. Quantum model
In the quantum model, the sensor spin decoherence is caused by the sensor-target entanglement when both the sensor spin and target spins are in pure states [32] [33] [34] .
Under DD control, the sensor-target system can evolve with entanglement and 11 disentanglement, leading to oscillation between decoherence and coherence recovery with increasing the DD pulse number [10, 20] . The entanglement is due to the target spin evolution conditioned on the sensor states  , namely,
In general the target spins are in the maximally mixed state and there is no authentic entanglement between the sensor spin and target spins. Yet the bifurcated quantum evolution of the target spins conditioned on the sensor state is still a useful picture to understand the sensor spin decoherence. Using the Magnus expansion [35] , we obtain an approximate expression for the sensor coherence (see Appendix A) 
which is the same as Eq. (8) 
IV. Characterization of spin correlations A. Identifying different types of nuclear spin transitions
Here we show that the correlations in a single spin cluster weakly coupled to a sensor 
The sensor coherence dips oscillate with different amplitudes for the two different types of target spin correlations: For type-II correlations (independent target spins), the minimum sensor coherence dip is , but for type-V transitions (correlated target spins), the minimum sensor coherence dip is The coherence dip minima take discretely different values for different types of correlations in the target spins.
14 As a more general case, we show that the DD quantum sensing can distinguish the transitions of independent spin-1/2's and those in a higher spin [ladder-type in Fig. 4(a) has a discrete minimum of sensor coherence dip,
The discrete minima can be explained by a physical picture similar to that in Sec. II. If we only consider the subspace of the cluster   , mn, which is resonant with the DD frequency, the situation is analogous to that for a spin-1/2 target spin and the sensor coherence dip will oscillate between 1 and -1. But the probability for the cluster in the maximally mixed state to be in such a subspace is 2 d . The cluster has also the probability   2 dd  to be in the other states, which are not affected by the DD control and for which the sensor coherence is constantly 1. So the sensor coherence dip minimum is
. Thus using these discrete values of the sensor coherence dip, we can characterize, in a discrete manner, the correlation size of target nuclear spins.
B. Distinguishing independent nuclear spins from a nuclear spin cluster
Let us specifically consider a nuclear spin cluster containing two nuclear spins with different gyromagnetic ratios with the Hamiltonian 
V. MRI of spin-labeled single molecules
We now demonstrate that the coherence dip features of a quantum sensor under DD control can be employed for angstrom-resolution MRI of single molecules. We take a shallow NV center in diamond near the surface as the sensor and consider the MRI of single trimethylphosphite (TMP) molecules with (Table I ). In the simulations, the four 15 N nuclear spin labels are located about 2.5~3 nm away from the NV sensor and the distance between different spin labels are about 0.6~1.5 nm.
VI. Discussion
Besides the DD-based quantum sensing, there are other sensing methods, such as the cross-polarization method [37] [38] [39] and the correlation spectroscopy method [40, 41] .
The cross-polarization method tunes the sensor spin and target spins into the Harmann-Hahn double resonance and then extracts the sensor-target coupling strength from the time-domain polarization transfer between the sensor spin and target spins.
This method requires relatively strong coupling between the sensor spin and a single target spin and cannot distinguish multiple target spins with nanoscale resolution. We notice that a recent adaption of the cross-polarization method [39] proposes to use an ancillary nuclear spin near the sensor as a quantum memory to significantly increase the spatial resolution. The two-dimensional (2D) spectroscopy method proposed in Ref. [39] relies on polarizing the target nuclear spins, which is analogous to the conventional 2D NMR [3] . The correlation spectroscopy method transfers the NV electron spin phase that contains the information about the target spins to the NV spin population and therefore greatly increases the spectral resolution by relying on the long 1 T time of the NV center. This method has been used to detect the Larmor precession of statistically The MRI scheme requires that the NV electron spin relaxation time 1 T and the coherence time 2 T of a near-surface NV center be in the millisecond time scale. For a slowing-fluctuating environment (such as the dilute 13 C nuclear spin in isotope-purified diamond), the DD control largely suppresses the transverse spin decoherence and the sensor coherence can be well preserved before the sensor spin relaxation happens [25] .
In this sense, our sensing scheme is limited by the T 1 time. But for a fast-fluctuating environment (such as the electron spin bath which may exist in diamond surface), the DD control is ineffective in suppressing the bath noise and therefore the sensing scheme is limited by the T 2 time. For shallow NV centers, the fluctuating surface electron spins are the main noise source [45] [46] [47] [48] [49] [50] . For an NV center 2~4 nm below the surface, 1 T at room temperature is limited to 430~960 s  , and 2 T is within 5~10 s  for Hahn echo and can be prolonged to more than 50 s  under multi-pulse DD control [45] . We expect that in the future it may be possible to further extend both 1 T and 2 T by material engineering [47, 48] or lowering the temperature [49, 51] . We note that recently the coherence time 2 T of a shallow NV center has been prolonged to about 100 s  through a surface-treatment technique [44] . In the short term, the scheme can be applied to NV centers inside bulk with the electron spin coherence reaching a few milliseconds as limited by the spin relaxation time 1 7.7 T  ms at room temperature [52] . It may also be possible to use the near-surface NV centers to detect electron spin labels in single molecules [53] , since compared with the nuclear spins, the electron spins have much stronger interaction with NV sensor spins, therefore requiring much shorter detection time.
VII. Conclusion
DD-based quantum sensing has enabled atomic-scale NMR by identifying the "frequency fingerprints" of target spins. In this paper, we provide a conceptual advance from the "frequency fingerprints" to the "wavefunction fingerprints" in DD-based quantum sensing. We provide a solution to distinguishing spins or transitions that have 21 the same frequencies but have different wavefunction evolutions, using the fact that the quantum evolutions of target spins under resonant DD are much more sensitive to the weak hyperfine interaction than the frequencies of target spins are. We also find a surprising effect -the amplitudes of the sensor coherence oscillations under resonant DD have discrete values, which makes identification of different spin numbers or different types of correlations robust against small measurement errors. The scheme in this work offers an approach to breaking the resolution limit set by the "frequency gradients" in conventional MRI and hence to reaching the angstrom-scale resolution in quantum sensing.
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Appendix A: Derivation of Eq. (12) in the main text
The Hamiltonian representing a spin-1/2 sensor interacting with M spin-1/2 target spins is
It can be written in the eigenbasis of the sensor { |  } as
with the Hamiltonian of the target spins conditioned on the sensor state 
U t Te t
with the first-order and second-order Magnus terms
For our specific model, the first-order Magnus term is 
For the CPMG-N control, the filter function is [31] 
